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^^ ■ Abstract. In the paper two- weighted norm estimates with general weights for Hardy- type trans- 

Cn I forms, maximal functions, potentials and Calderon-Zygmund singular integrals in variable expo- 

nent Lebesgue spaces defined on quasimetric measure spaces (X, d, fj,) are established. In particular, 
we derive integral-type easily verifiable sufficient conditions governing two-weight inequalities for 
these operators. If exponents of Lebesgue spaces are constants, then most of the derived conditions 
are simultaneously necessary and sufficient for appropriate inequalities. Examples of weights gov- 
erning the boundedness of maximal, potential and singular operators in weighted variable exponent 
■^ I Lebesgue spaces are given. 
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Introduction 

We study the two-weight problem for Hardy-type, maximal, potentials and singular operators in 
Lebesgue spaces with non-standard growth defined on quasimetric measure spaces. In particular, 
our aim is to derive easily verifiable sufficient conditions for the boundedness of these operators 
in weighted L^^'(X) spaces which enable us effectively construct examples of appropriate weights. 
The conditions are simultaneously necessary and sufficient for corresponding inequalities when the 

^^ ' weights are of special type and the exponent p of the space is constant. We assume that the 

exponent p satisfies the local log-Holder continuity condition and if the diameter of X is infinite, 
then we suppose that p is constant outside some ball. In the framework of variable exponent analysis 
such a condition first appeared in the paper [8^ , where the author established the boundedness of 

^% ' the Hardy-Littlewood maximal operator in L^^' •*(&"). As far as we know, unfortunately, it is 

not known an analog of the log- Holder decay condition (at infinity) ior p : X ~> [1,cxd) even in 
the unweighted case, which is well-known and natural for the Euclidean spaces (see [S], [H], [3]). 
The local log-Holder continuity condition for the exponent p together with the log-Holder decay 
condition guarantees the boundedness of operators of harmonic analysis in Lp('^(]R") spaces (see 

e.g., m)- 

A considerable interest of researchers is attracted to the study of mapping properties of integral 
operators defined on (quasi-)metric measure spaces. Such spaces with doubling measure and all 
their generalities naturally arise when studying boundary value problems for partial differential 
equations with variable coefficients, for instance, when the quasimetric might be induced by a 
differential operator, or tailored to fit kernels of integral operators. The problem of the boundedness 
of integral operators naturally arises also in the Lebesgue spaces with non-standard growth. 

Historically the boundedness of the Hardy-Littlewood maximal, potential and singular operators 
in LP() spaces defined on (quasi)metric measure spaces was derived in [21], [22], [27], [29], [33)-|36j. 
[T] (see also references cited therein). 
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Weighted inequalities for classical operators in L^ spaces, where w is a power-type weight, 
were established in the papers [31]- [33], [34]- [36], [30], [19], [46], [42], [13] (see also the survey 
papers [45], [H]), while the same problems with general weights for Hardy, maximal, potential and 
singular operators were studied in [16]- [18], [28], [33], [34], [38], [10], [2], [40], [11]. Moreover, in 
the paper [111 a complete solution of the one-weight problem for maximal functions defined on 
Euclidean spaces are given in terms of Muckenhoupt-type conditions. Finally we notice that in 
the paper |18| modular-type sufficient conditions governing the two-weight inequality for maximal 
and singular operators were established. 

It should be emphasized that in the classical Lebesgue spaces the two-weight problem for frac- 
tional integrals is already solved (see [26], [25) but it is often useful to construct concrete examples 
of weights from transparent and easily verifiable conditions. This problem for singular integrals 
still remains open. However, some sufhcient conditions governing two-weight estimates for the 
Calderon-Zygmund operators were given in the papers [14] , [6] (see also the monographs [15] , [49] 
and references cited therein). 

To derive two-weight estimates for maximal, singular and potential operators we use the ap- 
propriate inequalities for Hardy-type transforms on X (which are also derived in this paper) . 

The paper is organized as follows: In Section 1 we give some definitions and auxiliary results 
regarding quasimetric measure spaces and the variable exponent Lebesgue spaces. Section 2 is 
devoted to the sufficient conditions governing two-weight inequalities for Hardy-type defined on 
quasimetric measure spaces, while in Section 3 we study the two-weight problem for potentials 
defined on quasimetric measure spaces. In Section 4 we discuss weighted estimates for maximal 
and singular integrals. 

Finally we point out that constants (often different constants in the same series of inequalities) 
will generally be denoted by c or C. The symbol f{x) ~ g{x) means that there are positive 
constants ci and C2 independent of x such that the inequality f{x) < cig{x) < C2f{x) holds. 
Throughout the paper by the symbol p'{x) is denoted the function p{x) / {p{x) — 1). 

1. PRELIMINARIES 

Let X := {X,d,fi) be a topological space with a complete measure /i such that the space of 
compactly supported continuous functions is dense in L^{X,^) and there exists a non- negative 
real-valued function (quasi-metric) d on X x X satisfying the conditions: 
(i) d{x, J/) = if and only if a; = y; 

(ii) there exists a constant ai > 0, such that d{x, y) < ai{d{x, z) + d{z, y)) for all cc, ?/, z G X] 
(iii) there exists a constant ao > 0, such that d{x, y) < aod(y, x) for all x, y, G X . 

We assume that the balls B{x, r) -.^ {y E X : d{x, y) < r} are measurable and < ^{B{x, r)) < 
oo for all X G X and r > 0; for every neighborhood V oi x G X, there exists r > 0, such that 
B{x, r) C V. Throughout the paper we also suppose that fj,{x} — and that 

B{x,R)\Bix,r)^9 (1) 

for all x e X, positive r and R with < r < R < L, where 

L :— diam (X) — sup{(i(a;, y) : x,y E X}. 

We call the triple {X, d, fi) a quasimetric measure space. If /i satisfies the doubling condition 
li{B(x,2r)) < cfi{B{x,r)), where the positive constant c does not depend on x G X and r > 0, 
then {X, d, /i) is called a space of homogeneous type (SHT). For the definition and some properties 
of an SHT see, e.g., [4], [48], [20]. 

A quasimetric measure space, where the doubling condition is not assumed and may fail, is 
called a non-homogeneous space. 

Notice that the condition L < oo implies that fi{X) < cg because every ball in X has a finite 
measure. 



We say that the measure /i is upper Ahlfors Q- regular if there is a positive constant ci such 
that fiB{x, r) < cir^ for for al\ x € X and r > 0. Further, /i is fower Ahlfors q— regular if there is 
a positive constant C2 such that iiB{x,r) > C2r'' for all x ^ X and r > 0. It is easy to check that 
if L < cxD, then /i is lower Ahlfors regular (see also, e.g., [22]). 

For the boundedness of potential operators in weighted Lebesgue spaces with constant exponents 
on non-homogeneous spaces we refer, for example, to the monograph ,17j (Ch. 6) and references 
cited therein. 

Let p be a non-negative fi— measurable function on X. Suppose that E is a /i— measurable set 
in X and a is a constant satisfying the condition 1 < a < oo. Throughout the paper we use the 
notation: 

P-{E) ■.= Mp; p+{E) := sup p: p- := p-(X): p+ := p+{X); 
^ E 

B{x, r) :^ {y e X : d{x, y) < r}, kB{x, r) := B{x, kr); B^y := B{x, d{x, y))\ 
B^y := B{x,d{x,y));gB := — r^ / \g{x)\dn{x). 

B 

where 1 < p^ < p+ < oo. 

Assume now that I < p- < p_|_ < oo. The variable exponent Lebesgue space Lp'^''>{X) (some- 
times it is denoted by Lp'^^^X)) is the class of all /i-measurable functions f on X for which 
Sp{f) ■= J |/(a;)|P(^)d^(a;) < oo. The norm in Lp'-'^X) is defined as follows: 

X 

ll/llLp()(x)=inf{A>0:5,(//A)<l}. 

It is known (see e.g. [39], [43], [31], [22]) that L^^'^ space is a Banach space. For other properties 
of LP(-) spaces we refer to [47], [39], [43], [45], [24], etc. 

Now we introduce several definitions: 

Definition 1.1. Let (AT, d, /i) be a quasimetric measure space and let A^ > 1 be a constant. 
Suppose that p satisfy the condition < p_ < p+ < oo. We say that p g 'P{N, x), where a; G A, if 
there are positive constants b and c (which might be depended on x) such that 

fl{B{x, Nr))P- {B(x,r))-p+(B{x,r)) ^ ^ (2) 

holds for all r, < r < h. Further, p G 'P{N) if there are a positive constants h and c such that (2) 
holds for all X e A and all r satisfying the condition < r < &. 

Definition 1.2. Let {X,d,ii) be an SHT. Suppose that < p_ < p+ < oo. We say that 
p e LH{X,x) ( p satisfies the log-Holder- type condition at a point x e A) if there are positive 
constants b and c (which might be depended on x) such that 

\p{x)-p{y)\< / (3) 

-ln(^(B^.y)) 

holds for all y satisfying the condition d{x, y) < b. Further, p G LH{X) ( p satisfies the log-Holder 
type condition on A)if there are positive constants b and c such that (3) holds for all x, y with 
d{x,y) < b. 

Definition 1.3. Let {X, d, /i) be a quasimetric measure space and let < p_ < p+ < oo. We say 
that p G LH{X, x) if there are positive constants b and c (which might be depended on x) such 
that 

\p{x) - p{y)\ < — p-^7 r (4) 

-lnd(.T,y) 
for all y with d{x, y) < b. Further, p G LH{X) if (4) holds for all a:, y with d{x, y) < b. 
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It is easy to see that if the measure ^ is upper Ahlfors Q-regular and p G LH{X) (resp. 
p G LH{X, x)), then p G LH{X) (resp. p G LH{X, x). Further, if /i is lower Ahlfors q-regular and 
p G TJI{X) (resp. p G TUiX, x)), then p G LiJ(X) (resp. p G LiJ(X, a;)). 

Remark 1.1. It can be checked easily that if {X,d,ii) is an SHT, then ^Bx„x ~ ^^Bxxq- 
Remark 1.2. Let {X,d,fi) be an SHT with i < oo. It is known (see, e.g., [22], [27]) that if 

p G LH{X)), then p G 'P(l). Further, if /i is upper Ahlfors Q-regular, then the condition p G 'P(l) 

implies that p G LH{X). 

Proposition 1.4. // < P-(-'^) < P+{X) < oo anrf p G LH{X) ( resp. p G LH{X) ), then the 
functions cp(-) and l/p(-) belong to the class LH{X) ( resp. LH{X) ). Further if p & LH(X,x) 
(resp. p G LH{X,x)) then cp{-)andl / p{-) belong to LH{X,x) ( resp. p G LH{X,x) ), where c is a 
positive constant. If 1 <p^{X) <p^{X) < cx) and p G LH(X) ( resp. p G LH{X)LH{X) ), then 
p' G LH{X,x) ( resp. p' G 'LH{X,x)). 

Proof of this statement follows immediately from the definitions of the classes LH(X, x), LH(X), 
LH{X,x), LH{X); therefore we omit the details. 

Proposition 1.5. Let {X,d,fi) be an SHT and let p e 7^(1). Then (^B^j^)p(^) < c{p.Byxy^y\ for 
all x,y £ X with ii{B{x,d{x,y))) < b, where b is a small constant, and the constant c does not 
depend on x,y E X . 



Proof. Due to the doubling condition for p, Remark 1.1, the condition p G 7^(1) and the fact x G 
-B(y, ai(ao+l)d(2/,x)) we have the following estimates: p{BxyY'^^'' < ^J,{B{y,ai{ao+l)d{x,y))) 



p{x) 



< 



c^B{y,ai{ao + l)d{x,y)y^'^^ < c{pByxY^^\ which proves the statement. D 

The proof of the next statement is trivial and follows directly from the definition of the classes 
V{N,x) and 'P{N). Details are omitted. 

Proposition 1.6. Let {X,d,ii) be a quasimetric measure space and let xq G X. Suppose that 
N > 1 be a constant. Then the following statements hold: 

(i) If p G V{N,xq) (resp. p G V{N)), then there are positive constants ro, ci and C2 such that 
for all < r < ro and all y G B{xo,r) (resp. for all Xo,y with d{xo,y) < r < ro) we have that 

n{B{xo,Nr)Y^^°^ < cMBi^o,Nr)Y^^^ < c,f^{B{xo,Nr)y^'°\ 

(ii) Let p G P{N,xq). Then there are positive constants ro, ci and C2 (in general, depend- 
ing on xq) such that for all r {r < tq) and all x,y G B(xQ,r) we have ii(^B(xo,Nr)) < 

c,fi{B{xo,Nr)Y^'''> < C2ti{B{xo,Nr)Y^''\ 

(iii) Let p G V{N). Then there are positive constants ro, ci and C2 such that for all balls B 
with radius r {r < ro) and ah x,y e B, we have h{NB)p<-^'^ < cifi{NB)P^y'^ < C2pi{NB)P'-''K 

It is known that (see, e.g., [31], [33]) if / is a measurable function on X and £' is a measurable 
subset of X, then the following inequalities hold: 



\P+iE) ^ Q /f..^\ <- llfllP-(^) 



<1; 



||/|lit()(B) < Spifxs) < \\f\\LP(}{E)' II/IIlp()(£) 

ii/iir,[f(^^) < s.ifxE) < ii/r/if;^), ii/iil.(.,(^) > i. 

Holder's inequality in variable exponent Lebesgue spaces has the following form: 

fgdfi < {l/p^{E) + l/{p%{E))\\f\\L,,,f^E)\\g\\Lp'n(Ey 



Lemma 1.7. Let {X,d,^) be an SHT. 

(i) Let /3 be a measurable function on X such that /3+ < — 1 and let r be a small positive 
number. Then there exists a positive constant c independent of r and x such that 



P{x 

X\B(xo,r) 

(ii) Suppose that p and a are measurable functions on X satisfying the conditions 1 < P- < 
p+ < oo and a_ > 1/p-. Then there exists a positive constant c such that for all x Cz X the 
inequality 

holds. 

Proof. Part (i) was proved in [57] (see also (TS], p. 372, for constant /3). The proof of Part (ii) was 
given in [T5] (Lemma 6.5.2, p. 348) but repeating those arguments we can see that it is also true 
for variable a and p. Details are omitted. D 

Let M be a maximal operator on X given by 

M/(x):= sup ,„/ ,, / \f{y)\dfi{y). 

B(x.r) 

Definition 1.8. Let (X, d, /z) be a quasimetric measure space. We say that p E A4{X) if the 
operator AI is bounded in L^^'^X). 

L. Diening 8 proved that if J7 is a bounded domain in R", 1 < p_ < p+ < oo and p satisfies 
the local log-Holder continuity condition on ft (i.e., \p{x) — p{y)\ < _;„/|'^_ i-, for all x,y E ft with 
\x — y\ < 1/2), then the Hardy-Littlewood maximal operator defined on fl is bounded in Lp'^''>{Q). 

Now we prove the following lemma: 

Lemma 1.9. Let {X,d,ii) be an SHT. Suppose that < p_ < p_|_ < oo. Then p satisfies the 
condition p G 'P(l) {resp. p £ 'P{\, x)) if and only if p G LH{X) ( resp. p G LH{X, x) ). 

Proof. Necessity. Let p G 'P(l) and let x, y G X with d{x,y) < cq for some positive constant cq. 
Observe that x,y € B, where B := B{x,2d{x,y)). By the doubling condition for n we have that 

(/.B,,)-''^'^""'"" < c(Mi?)''^^"^~^^'^' < cifiBy-^''^-''^'-''^ < C, where C is a positive constant 
which is greater than 1. Taking now the logarithm in the last inequality we have that p G LH{X). 
Ii p G V{l,x), then by the same arguments we find that p G LH{X,x). 

Sufficiency. Let B := B{xQ,r). First observe that If x,j/ G B, then fiB^y < ciJ,B{xQ,r). Con- 
sequently, this inequality and the condition p G LH{X) yield \p-{B) — p+{B)\ < j — — r-. 

- In (co/i-B(a;o,r)j 

Further, there exists rn such that < rn < 1/2 and ci < r" — r < C2, < r < 

-ln(colnp(S)) 



To, where ci and C2 are positive constants. Hence (^ii{B)) ^ < ( /i(_B) j '" v''"^'^v 



exp —^^ f < C. 

\ln coM(i3) 
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Let now p E LH{X, x) and let B^ '■— B{x, r) where r is a small number. We have that p+iB^) — 
p{x) < 7 — 7- and p{x) — p^{Bx) < -, — r for some positive constant cq. Conse- 

— In f Co/i-B(3:,r) j — In ( Co/A-B(3^,t") j 

quently, (;.(i?.))P-(^^)-P+(^^) ^ (^.(B.))^^^^-^^*^^) (^.(B.))^-*^^^-'''^) < c{^,{B,))^^^^^^^^ < 
C. D 

Definition 1.10. A measure /i on X is said to satisfy the reverse doubling condition {^ G RDC(X)) 
if there exist constants A> 1 and B > \ such that the inequality fi(^B{a, Ar)) > B^i[B{a^ r)) holds. 

Remark 1.3. It is known that if all annulus in X are not empty, then /i G DC(X) implies that 
/i G RDC(X) (see, e.g., l48j). 

In the sequel we will use the notation: 



B{xo,A^-^L/ai) ii L <oo 
B{xo,A''-^/ai) ii L = oo 



^i^'^ ■- 1 -. ik-i 



_ \B{xo,A''+^aiL)\B{xo,A''''^L/ai), if L < oo 
"■'' ■" \B{xo,A''+^ai) \ B{xo.,A^-^/ai) if L = oo, 

_{x\B{xo,A^+^Lai) ii L<oo 
^''^ '~ \X\ Bixo,A''+^ai) if L = oo 

_ JB{xo,A''+^L)\B{xQ,A''L) ii L < oo 
^ '~ \B{xo,A^+^) \ B{xo, A'=) if i = oo 

where the constant A is defined in the reverse doubling condition and the constant ai is taken 
from the triangle inequality for the quasimetric d. 

Lemma 1.11. Let {X,d,fj,) be an SHT. Suppose that there is a point xq € X such that p G 
LH{X,xo). Then there exist positive constants tq and C ( which might be depended on xq ) such 
that for all r, < r < rp, the inequity 

holds, where Ba '■— B(xo,Ar) \B{xQ,r) and the constant C is independent of r and the constant 
A is defined in Definition 1.10. 

Proof. Let B :~ B{xQ,r). First observe that by the doubling and reverse doubling conditions 
we have that ^iBa ~ fiB{xo,Ar) — fiB{xo,r) > {B — l)fiB{xo,r) > cfi{AB). Suppose that 
< r < Co, where cq is a sufficiently small constant. Then by using Lemma 1.9 we find that 

(/iSA)''-^''"^""^^''"^ < c(/i(Ai?))''"(^^)-^^^^^^ < c{^l{AB)y-^^''^'"^^^'''> <c. a 

Lemma 1.12. Let {X,d,^) be an SHT and let 1 < p-{x) < p{x) < q{x) < q+{X) < oo. Suppose 
that there is a point xq E X such that p,q E LH{X,xq). Assume that p{x) = pc = const, 
q{x) = qc = const outside some ball B(xo,a) if L — oo. Then there exist a positive constant C 
such that 

X! II/x/2,JIlp()(x)II5X/2,JIl<!'(-)(x) < C'II/ILp(-)(x)II5|Il5'(-)(x) 

A; 

for all f G LP^-\X) and g G L'^'^'^X). 



Proof. Suppose that L ~ oo. To prove the lemma first observe that ii{Ek) w fiB{xQ, A'') and 
f^ih.k) ~ fJ-B{xo,A'^^^). This holds because /i satisfies the reverse doubling condition and, conse- 
quently, 

^lEk = ^i(B{xo,A''+') \ B{xo, A'^)) = fiB{xo,A''+') - fiB{xo,A'') 

= ^iB{xo,AA^) - fiB{xa,A'') > BiiB{xa,A'') - fiB{xo, A'') = {B - l)nB{xo, A*=) 

Moreover, using the doubling condition we have ^E^ < iJ.B{xo, AA'') < cfiB{xQ, A'^), where c > 1. 
Hence, fiEk ~ fj,B{xo,A''). 

Further, since we can assume that oi > 1, we find that 

^ih,k = m(s(xo, A'=+2ai) \ B(xo, A'=- Vai)) = ^iB{xo, A'^+^a^) - ^iB{xo,A''-^/ai) 

= nB{xo, AA''+^ai) - iiB{xo,A^-^/ai) > BiiB{xo,A''+^ai) - ^iB{xo, A'^-^/ai) 

> B'^fiB{xo, A'^/ai) - pLB{xo,A^-^/ai) > B^^B{xo, A''-^/ai) - fiB{xo, A'^-'^/ai) 

^{B^~l)txB{xo,A''-^/ai). 

Moreover, using the doubling condition we have /i/2,fc < /ii?(a;o, A'^+^r) < c/ii?(a;o, A'^+^r) < 
c^^j.B{xo,A''/ai) < c^fiB{xo,A''-'^/ai). This gives the estimates (B^ - l)^J,B{xo, A''-^ /ai) < 
MU2,fe)<cVS(xo,A'=-Vai). 

For simplicity assume that a — 1. Suppose that toq is an integer such that — - — > 1. Let us 
split the sum as follows: 

'^IfxhALP^ix) ■ WgxhjL^'i-Hx) ^ "^ [■■■)+ ^ [■■■)='■ Ji + J^- 

i i<mo i>mo 

Since p{x) = pc = const, q{x) = Qc = const outside the ball i3(xo,l), by using Holder's 
inequality and the fact that Pc < Qc, we have 

^2 = ^ II/X/2.,1Ilpc(X) • llffX/2,.llL(<!c)'(x) < 4f\\LP(-)(X) ■ \\9\\li'(){X)- 
i>ma 

Let us estimate Ji. Suppose that ||/||lp( )(x) ^ 1 a-nd ||g||ig'( )(x) — 1- Also, by Proposi- 
tion 1.4 we have that \/q' S LH{X,xo). Therefore by Lemma 1.11 and the fact that 1/q' G 

LH{X,xo) we obtain that M(/2,fe)^+*^ ~ IIx/2,JIl.()(x) ~ ^^2^)^^^ and ^i{I2M)''+''''^''^ « 

11x^2 k IIl9'( )(x) ~ IJ'{l2,k) ''-''''''' , where k < toq. Further, observe that these estimates and Holder's 
inequality yield the following chain of inequalities: 

T ^ v^ f II/X/2,JIlp(-)(x) • II5X/2.JIl9'()(x) / n, / n 

Jl<C> / -| li 1^ '—^XEd^jMx) 

k<^ - •' IIX/2,fcllL<!(-)(X) • IIX/2,JIl<!'(-)(X) 

- " B{xo,A'"° + ^) 

EII/x/2,JIlp(-)(x) • II5X/2,JIl9'()(x) . X, / X 
-n n n n Xe^ {x)dfi{x) 

k<m \\Xl2,k\\Li(-)(X) ■ \\Xl2,k\\Li'(-){X) 



, II V^ \\fXl2,k\\LP(^X) , . 

^C > -|| II XEkKx) 

11,^^ IIx/2,JIl.()(x) 



L'!(-HB(a;o,A'"o + ^)) 



X 



E I|gX/2,JlL-;'(-)(X) , . Q I r\ Q < \ 
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Now we claim that Si{f) < cl{f), where 



T/j\ II V^ ll/X/2.fcllLP()(X) 



LP<)(B(2:o,A™o + i)) 



and the positive constant c docs not depend on /. Indeed, suppose that /(/) < 1. Then taking 
into account Lemma 1.11 we have that 



f f sr II/xj2,JIlp(-)(x) \p(=^) , , . . 



Consequently, since p(x) < q(x)^ Ek C l2^k and ||/||lp()(x) < 1, we find that 



k<mo ' El k<mQ ' p 

This implies that Si{f) < c. Thus the desired inequality is proved. Further, let us introduce the 
following function: 



k<2 



It is clear that p{y) < P(j/) because Ek C l2.k- Hence 

T/-C\ / II V^ II/X/2,JIlp()(X) 

/(/) < C 2^ lu.. ||_ .,,__, XE,i-) 



k<mQ 



X/2fcllLP(-)(X) 



Ln-)(S(a;o,A™o + i)) 



for some positive constant c. Then by using the this inequality, the definition of the function P, 
the condition p e LH{X) and the obvious estimate Ijx/^ t II lp<V(x) — '^f^i^'^.k), we find that 

EII./X/2,JIlp(-)(X) \ j / ^ 

^ Vfc<mo ll^^^^.'-lli-^m / 



B{xo,A^o + ^) 



EII/X/2,fcllLP()(X) \ J / \ 

— „p^(72..) XEU^) dfi{x) 



S(a;o,A"o + i) 



Q + is fe<'no IIX/2,fc llip(-)(X) 



< c 



II £ ||P+(-f2,fc) 

Eii^x/2,feiiLP(-)(x) \j f \^ s:^ \\f \\p+(i2,k) 

— -7j—. — XEUx)jM^)<c 2^ ll/x/2.Jli;( 



_B(a;o,A'"o + i) 



k<mQ 



Kl2,k) 



k<mo 



Hx) 



<cJ2 \.fixW^''^dii{x) <c |/(x)|P(=")d/x(x) < c. 



X 



Consequently, /(/) < c||/|tip(-)(x)- Hence, Si{f) < c||/||ip(.)(x)- Analogously taking into 
account the fact that q' G DL{X) and arguing as above we find that 5*2(5) ^ c||g||^,'(.)/j^-,. Thus 
summarizing these estimates we conclude that 

E II/X/,1Ilp(-)(x)II5X/,1Il«'(-)(x) < c||/||lp()(x)II51Il«'(-)(x)- 



iKrtio 



n 



The next statement for metric measure spaces was proved in |21] (see also [37], [2S] for quasi- 
metric measure spaces). 

Theorem A. Let (X, d, fi) be an SHT and let fJ.{X) < cxd. Suppose that 1 < p_ < p+ < oo and 
p e P(l). Then M is bounded m LP^-\X). 
For the foUowing statement we refer to [23] : 

Theorem B. Let {X,d,p) be an SHT and let L ^ oo. Suppose that 1 < p- < p+ < oo and 
p € 'P{1). Suppose also that p = pc = const outside some ball B :— B(xo, R)- Then M is bounded 
inLP^-\X). 

2. Hardy-type transforms 
In this section we derive two-weight estimates for the operators: 



Tv,wf{x) = v{x) / f{y)w{y)dfi{y) and T'^^^f{x) = v{x) / f{y)w{y)dfi{y). 

Let a is a positive constant and let p be a measurable function defined on X . Let us introduce 
the notation: 

„W:=P_(B,«.„)\B„);p,W:={«(!)_^ ■[*--) ^ - 

Remark 2.1. If we deal with a quasi-metric measure space with L < oo, then we will assume 
that a — L. Obviously, po = po and pi = pi in this case. 

Theorem 2.1. Let (X,d,fi) be a quasi-metric measure space . Assume that p and q are 
measurable functions on X satisfying the condition 1 < P- < Poix) < q{x) < q+ < oo. In the 
case when L ^ oo suppose that p = pc = const, q = qc = const, outside some ball B{xQ,a). If the 
condition 

Ai := sup / {v{x)y^''''( [ w'^P°y^^Hy)dfi{y))^''°' ^^^ dfi{x) <oo, 

0<t<L J \ J J 

t<d{xQ,x)<L d{xQ,x)<t 

hold, then T^^w is bounded from LP^''{X) to L^^>{X). 

Proof. Here we use the arguments of the proofs of Theorem 1.1.4 in [15] (see p. 7) and of 
Theorem 2.1 in [T7]. First we notice that p_ < pq{x) < p{x) for all x € X. Let / > and let 
Sp{f) < 1. First assume that L < oo. We denote 

/(s):= J f{y)w{y)dii{y) forse[0,i]. 

d(xQ,y)<s 

Suppose that I{L) < oo. Then I{L) G (2™, 2'"+^] for some m ^ Z. Let us denote Sj :— sup{s : 
/(s) < 2^}, j < m, and Sm+i '■= L. Then {sA .__ is a non-decreasing sequence. It is easy 
to check that /(s^) < 2^ /(s) > 2^ for s > Sj, and 2^ < / f{y)w{y)dfj.{y). If 

Sj<d{xo,y)<Sj + i 
rrt 

/? := lim Sj, then d{xo, x) < L ii and only if d{xo, x) G [0, /3] U IJ {sj, Sj+i]. If liL) ~ oo then 
we take m — oo. Since < /(/3) < I{sj) < 2^ for every j, we have that I{(3) = 0. It is obvious that 
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^ = U {^ ■ Sj < d{xo,x) < Sj+i}- Further, we have that 

v{x) J f{y)w{y)d^l{y)\ dii{x) 

^ ^i B{xq, d{xa,x)) ' 

= ^{v{x)r^^A J f{y)wiy)d^,{y)\ d^iix) 

X ^B{xo. d{xo.x)) ' 

< E y («(^))' ^ y j{y)w{y)dy.{y)\ d^{x). 



■' °^Sj<d{xo,x)<Sj + i ^ d{xo,y)<Sj-^i 



Notice that /(sj+i) < 2^+^ < 4 / w{y)f{y)dij.{y). Consequently, by this estimate 

Sj-i<d(xo,y)<8j 

and Holder's inequality with respect to the exponent po{x) we find that 

q(x) 

f{y)w{y)dn{y) I d/i(x) 



5,(r„,^/)<cE y (v{x))^y J f{y)w{y)dti{y)\ 

Sj<d{xQ,x)<Sj-\-i Sj — i<d{xQ,y)<Sj 

m „ 

<c E j {v{x)y^''bk{x)dfi{x), 

Sj <d(xQ^x)<.Sj+i 

where 

Sj-i<d{xo,y)<Sj Sj-i<d{xo,y)<Sj 

Observe now that q{x) > po{x). Hence, this fact and the condition Sp{f) < 1 imply that 



_q(x) 

pot^) 



Jk{x)<cf J f{yr^^')d^i{y)+ J f{yr^yUfi{y)\ 

{y:Sj-i<d(xo.y)<Sj}n{v:f(v)<l} {y:Sj-i<d(xa,v)<Sj}n{y:f{y)>l} 

Sj-i<d(xo,y)<Sj 

<c(^^^{{y-s,^i<d{xo,y)<s,})+ J fiyr^y^fiiy)^ 

{y-Sj-i<d{xo,y)<Sj}n{y:f(y)>l} 

9(x) 



Sj-i<d{xo,y)<Sj 

It follows now that 



Sq{Ty.^f) <ci Y^ ^J.{{y■■Sj-l<d{xo,y)<Sj}) j 



v{x) 



q{x) 





Sj<d{xo,x)<Sj + i 




, 1 / 




\ 'J / 

Sj-i<d{xo,y)<Sj 




m . . 




+ )l. [ J fiyr^''>df,{y)j 




1 = -°° y:{sj-i<d(xa.y)<sj}n{y:f{y)>l} 


X 1 w(x)«(^) ( 


f f ,n \ \ (Po)'(=:) \ 


Sj<d{xo,x)<Sj^i Sj- 


-^ / / 

-i<c;(xo,y)<Sj 


It is obvious that 





m+l 
j=-oo 

and 

771 + 1 „ „ 

iV2 < Ai ^ y /(2;)^(^)d;.(2/) ^Cj {f{y)Y'-''^dfi{y) = Ai5p(/) < A^ 

Finally Sq{Ty,^f) < c{cAi + Ai^ < cxd. Thus T^,„ is bounded if Ai < 00. 
Let us now suppose that L = 00. We have 



Tv,wf{x) ^XB{xo,a)ix)v{x) / f {y)w{y)d^i{y) 

+Xx\B(xo,a){^M^) J f{y)w{y)d^i{y)^:T^]lj{x) + T^%f{x) 

By using already proved result for L < 00 and the fact that diam (B(xQ,a)) < 00 we find that 

ll^-'.-/llL.()(s(.o.a)) ^^ll/llL.()(B(.„.a)) ^c because 

^^"^= sup / {v{x)y''"'U [ w^P°y^^'>{y)d^i{y))^''°^'%{x)<Ai<oo. 

0<t<a J \ J J 

i<d(a:o,a:)<a d{^xi^.x')<t 

Further, observe that 



T^v'X^[x)^Xx\B(xo,a){x)v(x) / f{y)w{y)dfi{y) = Xx\B(xo,a){x)v{x) / f{y)w{y)dii{y) 

B^g^ d(xQ,y)<a 

+Xx\B(xoM^H^) I f{y)w{y)dijL{y)=:T^-'^^f{x)+T^'^^f{x). 

a<.d{xQ,y)<d{xQ.x) 

It is easy to see that (see also Theorem 1.1.3 or 1.1.4 of 15,) the condition 

a[^^ := sup (^ J {v{x)y^d^,{x)^ " ( / ^(y)''"'^' My?l ^ < oo 

d{xo,x)>t a<.d{xo,y)<t 
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guarantees the boundedness of the operator 

Tv,wf{x) = v{x) j f{y)w{y)dfi{y) 

a<d{x .y) <d{x ,x) 

from LP^ (^X\B{xo, a)) to L*^" (^X\B{xq, a)) . Thus T^\^ is bounded. It remains to prove that T^,^ 
is bounded. We have 

ri^^VllLM )(x) = [ / vixy-dfiixyj ( J f{y)wiy)df,iyyj 

{B{xo,a)y B(xo,a) 

[B{xo,a)y 

Observe now that the condition Ai < oo guarantees that the integral 

v{xY'' dpL(x) 

(BixQ.a))" 

is finite. Moreover, N := ||ii;|| ,, , /_, ,\ < cx). Indeed, we have that 

' II "LP'()[B(x„,a)) ' 



N < < 



1 

(_ / w{yr'(yUf,{y)) (-(^<-»)))' if ||^||^,.(,(^(,„,„„ < 1, 

\S(a;o,a) / 

1 



^B{xo,a) 

Further, 

j w{yY'(yU^i{y)= j w{yr'^y^dfi{y)+ J w{yY' ^yU^{y) := h + h- 

'B(xo,a) 'B(xo,a)r\{w<l} 'B(xo,a)r\{w>l] 

For /i, we have that Ji < ^[B{xo,a)) < oo. Since L — oo and condition (1) holds, there exists 
a point yo & X such that a < d{xo,yo) < 2a. Consequently, B{xQ,a) C B{xo,d{xo,yo)) and 
piy) > P-{B{xQ,d(xo,yo))) = poiyo), where y € B{xQ,a). Consequently, the condition Ai < oo 
yields h < f wiy^P^^^y^Uy < oo. Finally we have that ||Ti,YVllLp()(x) < C. Hence, r„,^ is 

B(xo,a) 

bounded from LP^'^X) to L''^-\X). U 

The proof of the following statement is similar to that of Theorem 2.1; therefore we omit it (see 
also the proofs of Theorem 1.1.3 in [IS] and Theorems 2.6 and 2.7 in [T7] for similar arguments). 

Theorem 2.2. Let (X, d, /z) he a quasi-metric measure space . Assume that p and q are 
measurable functions on X satisfying the condition 1 < p- < Pi{x) < q(x) < q+ < oo. If L — oo, 
then we assume that p = p^ = const, q = q^ = const outside some ball B{xo, a). If 

Bi= sup / {v{x)y^'-"H I w^P^'^' ^''\y)d^i{y) ]^^^^ d^l{x) <oo, 

0<t<L J \ J ) 

d{xQ,x)<t t<d{xQ,x)<L 

then Tl ^ is bounded from L'p^-\X) toL'i'^-^X). 
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Remark 2.2. If p = const, then the condition Ai < oo in Theorem 2.1 (resp. _Bi < cxd in 
Theorem 2.2) is also necessary for the boundedness of T^.^ (resp. T^ ^) from LP^■'^X) to L'^^'\X). 
See [15], pp. 4-5, for the details. 



3. Potentials 

In this section we discuss two-weight estimates for the potential operators T„(.) and Ia(.) on 
quasi-metric measure spaces, where < a_ < a+ < 1. If a = const, then we denote T^i.) and 
Ia{-) by Ta and /q, respectively. 

The boundedness of Riesz potential operators in LP^'^fl) spaces, where fi is a domain in R" 
was established in [9]. [44]. [7]. [3]. 

For the following statement we refer to [53] : 

Theorem C. Let {X,d,fi) be an SHT. Suppose that 1 < p- < p+ < cxd and p e P(l). Assume 
that if L — oo, then p = const outside some ball. Let a be a constant satisfying the condition 
< a < l/p+. We set q{x) = j^^i^- Then T„ is bounded in LP^-\X). 

Theorem D |29j . Let {X,d,fi) be a non-homogeneous space with L < oo and let N be a 
constant defined by N = ai{\ -\- 2ao), where the constants oq and ai are taken from the definition 
of the quasi-metric d. Suppose that 1 < p_ < p+ < cxd, p,a d V{N) and that fi is upper Ahlfors 
1-regular. We define q{x) — i^^wvflvi'' "where < a_ < a+ < 1/p-. Then Ia{-) is bounded from 
LP^-^X) to L^^-^X). 

For the statements and their proofs of this section we keep the notation of the previous sections 
and, in addition, introduce the new notation: 

vi'\x) := vix){^lB.,„.,r-\ wi'Hx) := w'^x); v^^Kx) := v{x)- 

w^^\x):=w-\x)UiB,,.,r-'; 
p .^ {2/e^:%^<rf(a;o,y)<A2Laid(xo,x)}, if L < oo 
" ■ {y^X: %f < d(a;o, v) < A^a^dixo, x)}, if L = oo, ' 

where A and ai are constants defined in Definition 1.10 and the triangle inequality for d respectively. 
We begin this section with the following general-type statement: 

Theorem 3.1. Let (X,d,fi) be an SHT without atoms. Suppose that 1 < p_ < p+ < oo and 

a is a constant satisfying the condition < a < l/p+. Let p £ 'P(l)- We set q{x) — y^z^j^- 
Further, if L = oo, then we assume that p = pc = const outside some ball B(xa,a). Then the 
inequality 

\\viTaf)\\Li'.-){X) < c||w/||lp()(x) (5) 

holds if the following three conditions are satisfied: 
(a) T (1) ^(1) IS bounded from Lp'^'^X) to L«(-)(X) ; 

{b) T (2) ^(2) is bounded from LP^-\X) to i«(-)(X); 

(c) there is a positive constant b .such that one of the following inequality holds: 1) V-^-(Fx) < 
bw{x) for fi— a.e. x d X ; 2) v{x) < bw^{Fx) for fi~ a.e. x £ X. 

Proof. For simplicity suppose that L < oo. The proof for the case L = oo is similar to that of 
the previous case. Recall that the sets li^k, i = 1, 2, 3 and Ek are defined in Section 1. Let / > 
and let ||.9||ig'()(x) ^ 1- We have 
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iTa.f)ix)gix)v{x)d^i{x) = ^ {Tal){x)g{x)v{x)d^i{x) 

k^ — OOri 

-fc-fc 

- X] / ('^'^fi^k){x)g{x)v{x)d^{x) + ^ / {Taf2M){x)g{x)v{x)d^{x) 

/C— — OOjTi /C— — OOci 



+ ^ / {Taf3M){x)g{x)v{x)dfi{x) :== 5*1 + 52 + 53, 



where /i,fc = / • x/i.^, /2,fe == / • Xh.k, h,k = / • Xh,u- 

Observe that \i x ^ Ek and y £ /i,/c, then d{xo,y) < d{xQ,x)/Aai. Consequently, the triangle 
inequality for d yields d{xo,x) < A'aiaod{x,y), where A' = A/ {A — 1). Hence, by using Remark 
1.1 we find that ^{Bxax) < c^{Bxy)- Applying now condition (a) we have that 



Si<c 



{^iB^gx)" ^v{x) / f(y)diJ.{y) 



\\g\\Li'i-)(X) < cll/llip(.)(x)- 
L<!(=)(X) 



Further, observe that if a; G Ek and y G /3,fc, then fj,(Bxoy) < cii(Bxy). By condition (b) we 
find that ^a < cl|/l|ip(.)(x)- 

Now we estimate 82- Suppose that v-^-{Fx) < bw{x). Theorem C and Lemma 1.12 yield 

^2 < ^ ll(ra/2,fc)(-)X-E.(-)«(-)llL<!(-)(X)ll3XBfc(-)llL«'(-)(X) 
k 

<Y,{^+iEk))\\{T^f2.k){-)\\L.iHX)M-)XEM\L^'i-HX) 
k 

- ^Xl ("+(^fe))ll/2,fellLp()(X)ll3(-)X-Efc(-)llL9'(-)(X) 
k 

< C^ l!/2,fc(-)w^(-)X/2,..(-)llLP()(X)ll3(-)X-Ej-)llL9'(-)(X) 
k 

< c||/(-)w(-)IIlp(-)(x)II3(-)IIl.j'()(x) < c||/(-)w^(-)IIlp()(x)- 

The estimate of ^2 for the case when v{x) < hw_{Fx) is similar to that of the previous one. 
Details are omitted. D 

Theorems 3.1, 2.1 and 2.2 imply the following statement: 

Theorem 3.2. Let {X, d, /i) be an SHT. Suppose that 1 < p_ < ]?+ < 00 and a is a constant 
satisfying the condition < a < l/p+. Let p G 'P(l). We set q{x) — ,^ I ^ . If L — 00, then we 
suppose that p = pc ^ const outside some ball B{xQ,a). Then inequality (5) holds if the following 
three conditions are satisfied: 

« Pi:- sup / ("^^i^) yV /'^„-(?o)'W(y)dMy)V™'''%(x)<oo; 

0<t<L J \(n(Bx.x)) / \ J J 

t<d{xa,x)<L ^^^ " " d{xo,v)<t 

<;(x) 
f \q{x) f [ / N 1-q\^(Pi)'(^) \ (Pl)'(^) 

(m) P2:==sup / [v{x)) ( / [w{y)[^iBx^^y) j d^l{y) \ d^i{x)< 00, 

d(xo-x)<.t t<d{xo-y)<L 
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(Hi) condition (c) of Theorem 3.1 holds. 

Remark 3.1. li p = pc = const on X, then the conditions Pi < oo, i — 1,2, are nec- 
essary for (5). Necessity of the condition Pi < oo follows by taking the test function / = 
"M^" XB(xo,t) in (5) and observing that piB^y < cfjiB^^^ for those x and y which satisfy the 
conditions d{xQ,x) > t and d(xo,y) < t (see also [TS], Theorem 6.6.1, p. 418 for the similar 
arguments), while necessity of the condition P2 < oo can be derived by choosing the test func- 
tion f{x) = ■u;~(P'=) {x)xx\B{xo,t){x){l^Bxox) " ^^ and taking into account the estimate 
liBxy < fJ-B^gy for d{xo,x) < t and d{xo, y) > t. 

The next statement follows in the same manner as the previous one. In this case Theorem D is 
used instead of Theorem C. The proof is omitted. 

Theorem 3.3. Let {X,d,pL) he a non-homogeneous space with L < 00. Let N be a constant 
defined by N — ai(l + 2ao). Suppose that 1 < p_ < P+ < 00, p, a G 'P{N) and that fi is upper 
Ahlfors 1-regular. We define q{x) — p^^> ^ where < «_ < a+ < l/p+. Then the inequality 



|t'(-)(^(.)/)(-)llL.()m < c|h(-)/(-)llL.(.)m (6) 



holds if 



QJ^) 



0<t<L J \{d{xo,x)) ^ V \ J J 

t<dixo.x)<L^ "• "' " B{xo,t) 

(m) sup j{v{x)y^^H f {w{y)d{xo,y)'-''^"y^'"'''^''^dKy)]^^K^)<^, 

0<t<_L J \ J I 

B{xa.t) t<d{xo,y)<L 

(Hi) condition (c) of Theorem 3.1 is satisfied. 

Remark 3.2. It is easy to check that if p and a are constants, then conditions (i) and (ii) in 
Theorem 3.3 are also necessary for (6). This follows easily by choosing appropriate test functions 
in (6) (see also Remark 3.1) 

Theorem 3.4. Let {X,d,ii) be an SHT without atoms. Let 1 < p_ < p^ < 00 and let a be a 
constant with the condition < a < l/p+. We set q{x) — j^^^ L-, . Assume that p has a minimum 
at xq and that p G LH{X). Suppose also that if L = 00, then p is constant outside some ball 
B(xo,a). Let V and w be positive increasing functions on (0,2L). Then the inequality 

\\v{d{xo, •))(7^a/)(-)llL,()(X) < cMd{xo, •))/(-)IIlp()(X) (7) 

v{dixo,x)) V'"^ 



holds if 



/i :— sup/i(i):=: sup / 

0<t<L 0<t<L J 



,^M wr {l^iBxox)) 



iM 



X I / W ""'[ '' 

d{xo,y)<t 



<P"y^-\d{x„,y))dfi{y)] ™ 'dnix)<oo 



for L — oo; 



g(a^) 



Ji:=sup / r --("(-";-L )^tL-^'(-o)(,(.,,,)),^(,))^^^(.)<oo 

0<t<L J \(u(Ba,„x)) J \J J 

t<d{xo,x)<L^ ^ " '■' d{xo,y)<t 

for L < OD. 
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Proof. Let L ~ oo. Observe that by Lemma 1.9 the condition p E LH(X) imphes p E 'P(l)- We 
wiU show that the condition /i < oo implies the inequahty ^ ^^r^) < C for aU t > 0, where A and 
ai are constants defined in Definition 1.10 and the triangle inequality for d respectively. Indeed, 
let us assume that t < foi, where bi is a small positive constant. Then, taking into account the 
monotonicity of v and w, and the facts that po{x) = po{x) (for small d{xo,x)) and p G RDC(X), 
we have 

q{x) 



A^ait<d(xo,x)<A3ait 



A^ait<d{xo,x)<A^ait 

Hence, c := lim^^^^ — 7^p^ < oo. Further, if i > 62, where 62 is a large number, then since p and q 
are constants, for d{xo,x) > t, we have that 

Ii{t)>( J v{d(xo,x)y'{iiB(xo,t))^"-^^^'-dii{x)\ 

A'^axt<d{xo,x)<A^ait 



/ <. \1clKPc) 

xf / vj-'^P"^' {x)diJL{x)\ dp{x) 

A'^ait<d(xa,x)<A^ait 

In the last inequality we used the fact that p satisfies the reverse doubling condition. 
Now we show that the condition /i < 00 implies 

sup/2(i):-sup / («(d(xo,x)))«(-)f / u;-(Pi)'(^)(d(xo,2/)) 

i>0 t>0 J \ J 

d(xQ,x)<.t d{xQ,y)>t 

^^^^dpix)<oo 

Due to monotonicity of functions v and w, the condition p G LH(X), Proposition 1.4, Lemma 
1.7, Lemma 1.9 and the assumption that p has a minimum at xq, we find that for all t > 0, 



/ /Wt \9l,2;j/ \{a-L/p(xo))q{x) 

h{t)< J (^) {KB{^o,t))) dA^C 

(i(a;o,a:)<f: 



rf(a:Q,a:)<i 

Now Theorem 3.2 completes the proof. D 

Theorem 3.5. Let {X,d,ii) be an SHT with L < cxd. Suppose that p, q and a are measurable 
functions on X satisfying the conditions: I < P- < p{x) < q{x) < q+ < 00 and 1/p- < ot- < 
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a+ < 1. Assume that there is a point Xq such that ij.{xq} ~ and p,q,a G LH(X,Xq). Suppose 
also that w is a positive increasing function on {0,2L).Then the inequality 

\\{Tc(:)f)v\\L,i.)(x) <c||w;(d(xo,-))/(-)llLp(-)(x) 
holds if the following two conditions are satisfied: 

v(x) ^ ^ ' 

l — a(x) 



/i :— sup 

t<d(xQ.x)<L ^^ '^"'^' 



XI / w 

d{xo,x)<t 



-^P''y^^\d{xo,y))df,{y))^^^df,{x) < 



h := sup / {v{x)) 

0<t<L J 

d{xo,x)<t 



q(x) 



w{d{xo,y)) 



t<d{xQ,x)<L 



• [tJ-^xoyJ 



d[i.yy) I d[i\x) < oo. 



Proof. For simplicity assume that L ~ 1. First observe that by Lemma 1.9 we havep, q,a E 'P(l)- 
Suppose that / > and Sp{w{d{xa, •))/(■)) < 1- We will show that S',(u(r„(.)/)) < C. 
We have 



Sq{vT^i,)f)<C, 
v{x) 



v{x) J fiy){t^B, 

X d(xo,y)<d(xo,x)/{2ai) 



X 



I 



^ a{x) — l 



d^iy) dfi{x) 



q(x) 



f{y){^iB^y) d^i{y)] dii{x) 



v{x) 



d(xo.x) / {2ai)<d{xo,y)<2aid(xc,x) 
, a{x) — l 



q{x) 



f{y){lJ'Bxyy dn{y)] d^i{x) 



Cq[h+h+h 



X d{x{).y)>2aid{x{i.x) 

First observe that by virtue of the doubling condition for /x, Remark 1.1 and simple calculation 
we find that ^yBx^x) £ cfxyBxy). Taking into account this estimate and Theorem 2.1 we have that 



h<c 



X 



v{x) 



{t^-Bxax) 



f{y)d^{y) \ dfi{x) < C. 



l — a{x) 

d(xo,y)<d(xo,x) 

Further, it is easy to see that if d{xo,y) > 2aid{xo,x), then the triangle inequality for d and 
the doubling condition for fj, yield that fJ-B^gy < ciiB^y Hence due to Proposition 1.5 we see that 

(^liBxoy) > c[iiBxy) for such x and y. Therefore, Theorem 2.2 implies that I3 < C. 

It remains to estimate /2. Let us denote: 

E^^\x):^Bx„x\B{xo,d{xo,x)/{2ai)); E^^\x) ■.^B{xo,2aid{xo,x))\Bx„x- 

Then we have that 



I2<C 



,a{x)~l . . -19(^) 



X 



^{^) \ fiy)il^Bxy) dfi{y)^ d^{x) 

X EW(x) 

v{x) j f{y){fiBxyy ^d^i{y) dfi{x) 

E^^)(x) 



:= c[/2i +122]- 
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Using Holder's inequality for the classical Lebesgue spaces we find that 

q{x)/pa{x) 

u;P°(^)(d(xo,2/))(/(2/)r(^)dM(y)j 

X B(i)(i 



X E(i-)(x) 



EW{x) 

Denote the first inner integral by J^^^ and the second one by J^^'. 

By using the fact that ^0(2;) < p{y)-, where y G E^^\x), we see that J^^^ < ^{Bxox) 

I ifiy)y^^''{'w{dixo,y))) dii{y), while by applying Lemma 1.7, for j'-^\ we have that 

EWix) 

EW{x) 

Summarizing these estimates for J^^' and J*-^' we conclude that 
h 



X X 

x( / w^^y\d{x,,y)){f{y)ryU^,{y)^ (^B.„.)^(^)("(^)-^/^»(^» 



EW{x) 



,-,i'x)(d(x^^^ 
\ 2ai / 



'^' ~- -'21 ' -'21 • 



By applying monotonicity of w, the reverse doubling property for /i with the constants A and 
B (see Remark 1.3), and the condition Ii < 00 we have that 

I^hcY. j vixY^'^^i^ j w-^^^'y^-\d{xo,y))d^,{y)y^ 



k= 



3(xa,A'')\B(x„.A''-^) b{xo..^^) 

n 

A;— — 00 

g(x) 



x(M5.„,.)^+<"'^'-^'^<^^rfM-) < c E (mS(.o, A'^))"''" 



B{xa.A>')\B{x„,A''-^) b(xo,A'=) 



fc — — 00 

„ 

''^^°°nB{xo,A'')\B{xo,A''-^) 

<c {fiBxo,xy' ^^ diJ.{y) < 00. 
Jx 
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/21 , wc find that 



Due to the facts that q{x) > Po{x), Sp(w(^d{xQ, ■)/{■))) < 1, /j^ < 00 and w is increasing, for 
jhat 



(pq)'(x) 

w-y''^'»y^>(d{xo,y))d^i(y)\ 

nB{xo,A'')\B(xa,A''-^) B{xo,A''-^) 

x(MS.„,.)'"*"^"'^'''"^dMw) < cSpifi-)widixo,-)) < c. 

Analogously, it follows the estimate for l22- In this case we use the condition I2 < 00 and 
the fact that pi{x) < p{y) when d(xo,y) < d{xo,y) < 2aid(xo,x). The details are omitted. The 
theorem is proved. D 

Taking into account the proof of Theorem 3.5 we can easily derive the following statement proof 
of which is omitted: 

Theorem 3.6. Let {X,d,ii) be an SHT with L < cxd. Suppose that p, q and a are measurable 
functions on X satisfying the conditions 1 < P- < p{x) < q{x) < (7+ < 00 and l/p- < a_ < «+ < 
1. Assume that there is a point xg such that p,q,a G LH(X,xq) and p has a minimum at xq. Let 
V and w be positive increasing function on (0, 2L) satisfying the condition Ji < 00 ( see Theorem 
3.4 ). Then inequality (7) is fulfilled. 

Theorem 3.7. Let (X,d,fi} be an SHT with L < 00 and let pL be upper Ahlfors 1-regular. 
Suppose that 1 < p- < p+ < 00 and that p G LH{X). Let p have a minimum at xq. Assume that 
a is constant satisfying the condition a < l/p+. We set q(x) = i-a ix) ■ V ^ ^^'^ ^ '^'"^ positive 
increasing functions on (0, 2L) satisfying the condition 

vidixo,x)) ^^("' • - ' ^^ 



r^) ( j w-^P»y^'^^''''^''^\y)dpi{y)\ '""^''^ix) < 00, 



E := sup 

o<t<L J \(d{xo,x)) 

t<d(xo,x)<L d(xo.x)<t 

then the inequality 

\\v{d{xa,-))iIaf)i-)\\Lo(^x) < 4w{d{xo,-))fi-)\\Lp(->{X) 
holds. 

Proof is similar to that of Theorem 3.4. We only discuss some details. First observe that due to 
Remark 1.2 we have that p G V{N), where iV = ai(l + 2ao). It is easy to check that the condition 

E < 00 implies that ^ \^U) < C for all t, where the constant A is defined in Definition 1.10 and 
ai is from the triangle inequality for d. Further, Lemmas 1.7, 1.9, the fact that p has a minimum 
at Xq and the inequality 

d(xo,y)>t 

where the constant c does not depend on t and x, yield that 

f ( (M ^^^'^(^)f f ( ^id{xo,y)) V<^^)'<-j ,^™, ( , ^ 
sup / {v{d{xo,x)))'"- >[ / -T3^ d^i{y)\ dfi{x) < co. 

o<t<L J \ J \{d{xo,y)) J J 

d(xo,x)<t d(xQ,y)'>t 
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Theorem 3.3 completes the proof.D 

Example 3.8. Let v{t) — f and 'w{t) — v , where 7 and f3 are constants satisfying the condition 

< P < l/(p_)', 7 > m.ax{0, 1 — a —{—P + , ^ ■,, )}■ Then {v, w) satisfies the conditions 

of Theorem 3.4. 

4. Maximal and Singular Operators 

Let 

Kf{x) ^p.v. / k{x,y)f{y)d^i{y), 

X 

where k : X x X\ {(x, x) : x E X} — ^ M be a measm-able fmiction satisfying the conditions: 

Q 

\Kx,y)\<—^, — -77 7T, x,yeX, x^y; 

fiB(x,d{x,y)) 



\k{xi,y) - k{x2,y)\ + \k{y,xi) - k{y,X2)\ < cij(^ 



d{x2,xi 



d{x2,y) J fiB{x2,d{x2,y)) 
for all xi, X2 and y with d{x2, y) > cd{x, X2), where oj is a positive non-decreasing function on (0, 00) 
which satisfies the A2 condition: w(2i) < cuj{t) (t > 0); and the Dini condition: /„ (uj{t)/t)dt < cx3. 
We also assume that for some constant s, I < s < 00, and all / G L'^{X) the limit K f{x) exists 
almost everywhere on X and that K is bounded in L''{X). 

It is known (see, e.g., [15], Ch. 7) that if r is constant such that 1 < r < 00, (X, d, /i) is an SHT 
and the weight function w £ Ar{X), i.e. 

sup f — — / w{x)d^i{x) j f — — / w^-''' {x)dn{x) j < 00, 

B B 

where the supremum is taken over all balls B in X, then the one-weight inequality Wii?-/^ K fW^rf^x) < 
cWfUrix) holds. 

The boundedness of Calderon-Zygmund operators in Lp()(M") was establish in [12]. 

Theorem E [37j . Let {X,d,^) be an SHT. Suppose that p G 'P(l). Then the singular operator 
K is bounded in L'''^''{X). 

Before formulating the main results of this section we introduce the notation: 

v{x) ^ 1 ^ 1 



t^iBxaxY w{x)' w{x)fl{Bxox) 

The following statements follows in the same way as Theorem 3.1 was proved. In this case 
Theorem 1.2 (for the maximal operator) and Theorem E (for singular integrals) are used instead 
of Theorem C. Details are omitted. 

Theorem 4.1. Let {X, d, fi) be an SHT and let I < p- < p+ < 00. Further suppose that p G 'P(l). 
If L = cxD, then we assume that p is constant outside some ball B{xQ,a). Then the inequality 

II«(^/)1Il.(-)(x)<C1|w;/|L.(.)(x), (8) 

where N is M or K , holds if the following three conditions are satisfied: 

(a) Ty_{s is bounded in L^^'^X); 

(b) K.iv^ «« bounded m LP^-\X); 

(c) there is a positive constant b such that one of the following two conditions hold: 1) V-f-{Fx) < 
bw{x) fi— a.e. x G X; 2) v{x) < b w^{Fx) fJ.~ a.e. x G X, where F^ is the set depended on x 
which is defined in Section 3. 
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The next two statements are direct consequences of Theorems 4.1, 2.1 and 2.2. 

Theorem 4.2. Let {X, d, jjl) he an SHT and let 1 < p_ < p+ < cxd. Further suppose that p G V{1). 
If L = c», then we assume that p = pc = const outside some ball B(xo,a). Let N be M or K. 
Then inequality (8) holds if: 



W sup / f^ir^y { I w-^P-y^^\y)df,{y)]""''''^'dfi{x)<^; 

0<t<L J VM^Koa;/ \ J J 



p(x) 

I 

t<d{xo,x)<L B{xQ,t) 



M^)f f fw{y)^-^^^y^^^ 



(Pl)'(x) 



(m) sup / (i;(a;))^M / (";^"^) My)) d^i{x) < oo; 

'B{xa,t) t<d{xo,x)<L 

(Hi) condition (c) of the previous theorem is satisfied. 

Remark 4.1. It is known (see [Mj) that if p = const, then conditions (i) and (ii) (written for 
X = R, the Euchdean distance and the Lebesgue measure) of Theorem 4.2 are also necessary for 
the two-weight inequahty 

lk(-H"/)llLP()(R) < C'||w/||ip(.)(M), 

where H is the Hilbert transform on M: [H f){x) = p. v. / jTrjrf^- 

R 

Remark 4.2. If p = const and N — M, then condition (i) of Theorem 4.2 is necessary for (8). 
This follows from the obvious estimate M f{x) > —r^ — y / f{y)d^{y) (/ > 0) and Remark 2.2. 

Theorem 4.3. Let {X,d,fj,) be an SHT without atoms. Let 1 < p_ < p+ < oo. Assume that p 
has a minimum at xq and that p G LH{X). If L = oo we also assume that p = pc = const outside 
some ball B{xQ,a). Let v and w be positive increasing functions on (0,2L). Then the inequality 

||z;(d(xo, •))(^/)(-)lli.(.)(x) < c|k(d(a:o, •))/(-)IIlp(-)(x), (9) 

where N is M or K, holds if the following condition is satisfied: 



»p I r-^^!j§^)"" ( /.-«"V,.„. ^«- 



p(x) 

,, ,R ^ / > , ^-^^°y'^^Hd{xo,y))d^i{y))^^^^^d^iix)<^. 
0<t<L J \ fJ-y^xox) / \_ J J 

t<d{xo,x)<L B{xo,t) 

Proof of this statement is similar to that of Theorem 3.4; therefore we omit it. Notice that 
Lemma 1.9 yields that p e LH{X) ^pe 7^(1). 

Example 4.4. Let {X,d,fi) be a quasimetric measure space with L < cx). Suppose that 1 < p- < 
p+ < oo and p G LH{X). Assume that the measure /i is upper and lower Ahlfors 1— regular. Let 
there exist xq £ X such that p has a minimum at xq . Then the condition 

S:= sup /f^^^#4^)'''Y fw-^'^^°\dixo,y))d,iy))^d,ix)<oo 

a<t<L J V K^xox) J \_J J 

t<d(xo,x)<L B{xo,t) 

is satisfied for the weight functions v{t) — t^'P ^^°' , w{t) — t^'P ^'^°' \n^ and, consequently, by 
Theorem 4.3 inequality (9) holds, where N is M or K . 

Indeed, first observe that v and w are both increasing on [0, L]. Further, it is easy to check that 
S<c sup V{t){w{t)Y '"="' < cx) because W{L) < oo. 

0<t<L ^ ' 
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By using the representation formula of a general integral by improper integral and the fact that 
II is Ahlfors 1- regular, it follows that W{t) < Ci In'^ 2^ and V{t) < Ca In 2ii for < t < L, 
where the positive constants does not depend on t. Hence the result follows. 

Observe that for the constant p both weights v and w are outside the Muckenhoupt class Ap{X) 
(see e.g. [H], Ch. 8). 
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